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' In the context of sub-Riemannian Heisenberg groups H", n > 1, we shall study Isoperimetric 

' Profiles, which are closed compact hypersurfaces having constant horizontal mean curvature, very 

similar to ellipsoids. Our main goal is to study the stability of Isoperimetric Profiles. 
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1 Introduction 



In the last few years sub-Riemannian Carnot groups have become a large research field in Analysis and 
■ Geometric Measure Theory; see, for instance, , , [H] , [101 [U , [HI [Hj , US] , EB , HI] , US , EH] , but the 

5^ I list is far from being exhaustive. For a general overview of sub-Riemannian (or Carnot-Charatheodory) 

geometries, we refer the reader to Gromov, [18,, Pansu, [37], and Montgomery, [30,. 

In this paper, our ambient space is the Heisenberg group H", n > 1, which can be regarded as C" x R 
endowed with a polynomial group law 7k- : H" x H" — > H". Its Lie algebra [}„ identifies with the tangent 
space ToEt" at the identity G H". Later on, {z,t) e M^"+^ will denote exponential coordinates of 
a generic point p £ H". Now, take a left- invariant frame J-' — {Xi,Yi, Xn,Yn,T} for the tangent 
bundle TH", where Xi ^ ~ Y, ^ + f-§-^ and T = -§-^. Denoting by [•, •] the usual Lie 

bracket of vector fields, one has [A'ijYi] = T for every i = l,...,ri and all other commutators vanish. 
Hence, T is the center of [}„ and [}„ turns out to be nilpotent and stratified of step 2, i.e. k)n — H (B H2 
where H := span^jXi, Yi, X^, Y^, X„, y„} is the horizontal bundle and H2 = spauglT} is the 1- 
dimensional vertical bundle associated with the center of f)„. From now on, H" will be endowed with the 
(left-invariant) Riemannian metric h := (•,•) which makes an orthonormal frame. In particular, this 
metric induces a corresponding metric hu aiv H which is used in order to measure the length of horizontal 
curves. Note that the natural distance in sub-Riemannian geometry is the Carnot- Caratheodory distance 
dcci defined by minimizing the (Riemannian) length of all piecewise smooth horizontal curves joining two 
different points. This definition makes sense because, in view of Chow's Theorem, different points can be 
joined by (infinitely many) horizontal curves. 



*F. M. was partially supported by CIRM, Fondazione Bruno Kessler, Trento, and by the Fondazione CaRiPaRo Project 
"Nonlinear Partial Differential Equations: models, analysis, and control-theoretic problems". 
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The stratification of f)„ is related witli tlie existence of a 1-parameter group of automorphisms, caUed 
Heisenberg dilations, defined by Ss{z,t) :— {sz,s'^t), for every p = {z,t) S The intrinsic dilations 

play an important role in this geometry. In this regard, we stress that the integer Q = 2n + 2, that is the 
"homogeneous dimension" of H" with respect to these anisotropic dilations, turns out to be the dimension 
of H" as a metric space with respect to the CC- distance dec- 

Let us define a key notion: that of TZ-perimeteiQ. So let S C H" be a smooth hypersurface and let 
v the (Riemannian) unit normal along S. The H -perimeter measure crj" is the (Q — l)-homogeneous 
measure, with respect to the intrinsic dilations, given by (Jh"\— S :— \Vhv\ cf'^^ , where Vh : TG — > H 
is the orthogonal projection operator onto H and cr^" denotes the Riemannian measure on S. The 
if-perimeter is in fact the natural measure on hypersurfaces and it turns out to be equivalent, up to 
a density function called metric factor (see, for instance, [24]), to the spherical {Q — l)-dimensional 
HausdorfF measure associated with dec (or to any other homogeneous distance on H"). 

Our main interest concerns "Isoperimetric Profiles" , that are compact closed hypersurfaces which can 
be described in terms of CC-geodesics (even if they are not CC-balls). In Heisenberg groups, they play 
an equivalent role of spheres in Euclidean spaces and for this reason it seems interesting to study some 
basic geometric features of these sets from an intrinsic point of view; see also |5S] . 

Let us briefly describe them in the case of the 1st Heisenberg group H'^. Any CC-geodesic 7 C is 
either a Euclidean horizontal line or a "suitable" infinite circular helix of constant slope and whose axis 
is parallel to the center T of f)i. In the last case, fix a point 5 G 7 and take the vertical T-line through 
<S. With no loss of generality, we may take 5 G {(a;, y, € : x = y = O}. On this (positively oriented) 
line, there is a first consecutive pointQ M to S belonging to 7. These points, henceforth called South 
and North poles, determine a minimizing connected subset of 7. Note that the slope of 7 is uniquely 
determined by the CC-distance of the polefl Now rotating (around the vertical T-line joining J\f to S) 
the connected subset of 7 joining the poles, yields a closed convex surface very similar to an ellipsoid 
hereafter called Isoperimetric Profile. A similar description holds even in the general case; see Section [5] 

Isoperimetric Profiles, henceforth denoted by the symbol Sh", turn out to be constant horizontal mean 
curvature hypersurfaces (i.e. "Hh = —divHV„ is constant; in particular, this implies that they are critical 
points of the 77-perimeter functional) whose importance comes from a long-standing conjecture, usually 
attributed to Pansu, claiming that they minimize the if-perimeter in the class of finite 77-perimeter 
sets (in the variational sense) having fixed volume, or in other words, they solve the sub-Riemannian 
isoperimetric problem in H". There is a wide literature on this subject; see, for instance, [S], [lU], [llj . 
[T2],[13],[SIl[321,E3]:I31],I3Sll3S],[3H]and references therein. 

The plan of the paper is the following. In Section 11.11 we review the sub-Riemannian geometry of 
Heisenberg groups H". We then discuss some basics about smooth hypersurfaces endowed with the 
77-perimeter measure cr^" and we prove some important geometric facts; see Section 11.21 Section 11.31 
provides some horizontal integration by parts formulas. In Section [2] we study Isoperimetric Profiles and 
compute some of their geometric invariants appearing in the 2nd variation formula of the ^/-perimeter. 
Section |3] gives a self-contained account of variational formulas for the 77-perimeter measure crj" along 
the lines of |27) . but in addition we consider the case of non-empty characteristic sets. These formulas 
are then used as a tool to study the (homogeneous) sub-Riemannian Isoperimetric Functional 

JiD):- '■'^'"\, . 

where D C H" varies among C^-sniooth compact domains. In Section 13. 1[ we calculate 1st and 2nd 
variation of the top-dimensional volume form cr^""''^. This allow us to state the notion of stability for 
smooth domains bounded by constant horizontal mean curvature hypersurfaces; see Definition 13.141 and 
Definition 13.171 If D has radial symmetry with respect to a barycentric vertical axis, we also consider a 
restricted family of (normal) radial variations. In this case, the functional J{D) becomes 1-dimensional 
and stability becomes radial stability; see Remark l3.16l We also introduce a localized notion of stability. 
Roughly speaking, being locally stable means that for each point p £ dD there exists a neighborhood of p 
which is stable in the previous sense; see Definition 13.151 For completeness, in the Appendix A we shall 
discuss the simpler (but less general) case of T-graphs. Moreover, in the Appendix B, we shall discuss 
some further properties which are related to stability. 

^ Since we deal with smooth boundaries, we do not define the H-perimeter from a variational point of view. 

^This point can be interpreted as the "cut point" of <S along 7. In fact this is the end-point of all CC-geodesics starting 
from S with same slope. Note however that, strictly speaking the cut locus of any point in H" (n > 1) coincides with the 
vertical T-line over the point. 

^Let 70 C denote the circle given by orthogonal projection of 7 onto and let r be its radius. Then, it turns out 
that clcc{S,N) = -irr^. 
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Then, in Section 2] we begin the study of the stabihty of Isoperimetric Profiles, or the positivity of 
the 2nd variation of the isoperimetric functional J(-)- Our approach was somehow motivated by the 
Riemannian case described here below; see, for instance, [T]. 

We recall that the 2nd variation (under normal variations) of a compact closed bounding hypersurface 
S embedded in Euclidean space ]R" is provided by the formula 



Js 



for every (piecewise) smooth (p : S — > M, where Ats denotes the Laplace-Beltrami operator and ||i?||Gr 
is the Gram norm of the 2nd fundamental form B of S. So let S"~^ C M" be the unit sphere and let us 
apply the Rayleigh principle; see [SI [7] . We have 
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for every smooth function : §"^^ — > M such that /g„_i pxr^^^ = 0, where Ai denotes the first non- 
trivial eigenvalue of (the closed eigenvalue problem on) §"^^. It is well-known that Ai = n — 1 and that 
\\B\\l, =n-l. Therefore, 

//(^j/,§"-i) = / i-ipArsp-p^BWt) aT^ = ( {\grad,sp\'' - {n ~ \)p^) a^-^ > 0, 



where we have used the Divergence Theorem. This proves the stability of §" ^, i.e. II {(pv, §" "'^) > for 
every differentiable function (p : §"^^ — > M such that /g„-i pcr^^^ = 0. 

However, a such strategy does not work verbatim in the framework of Heisenberg groups and our 
methods, although similar in spirit, are very different. Actually, the main analogy here is that the 
positivity of the 2nd variation formula can be studied in terms of an eigenvalue equation associated with 
the (2nd variation) functional 

^(^) := ^ (igrad^s P? - ^^') 

subject to the condition /^^^^ pcrjT = 0. In this formula, grades denotes the horizontal tangent gradient 
operator and p stands for the (Euclidean) distance from the vertical T-line passing through the barycenter 
of §0.1 ; for a detailed discussion, see Section |4l 

Our main results concerning stability of Isoperimetric Profiles can be summarized as follows: 

• Let n — 1. The Isoperimetric profile S^i is a stable bounding hypersurface in the sense of both 
Definition \3. 14\ and Definition \3.17\ 

• Let n > I. The Isoperimetric profile Sh" o, radially stable bounding hypersurface in the sense of 
Remark \3.16l Furthermore, the Isoperimetric Profile §H" turns out to be a locally stable bounding 
hypersurface in the sense of Definition \3.15[ 

This paper is part of a project aiming to study constant and minimal horizontal mean curvature 
hypersurfaces, in the setting of Heisenberg groups; see also f28j. I would like to express my gratitude to 
Prof. N. Garofalo and to Prof. A. Parmeggiani for many interesting conversations about these topics 
over the past few years. 

1.1 Heisenberg group H" 

The n-th Heisenberg group (H",*), n > 1, is a connected, simply connected, nilpotent and stratified 
Lie group of step 2 on with respect to a polynomial group law The Lie algebra (]„ of H" 

is a (2n -I- l)-dimensional real vector space henceforth identified with the tangent space ToH" at the 
identity € H". We adopt exponential coordinates of the 1st kind in such a way that every point p G H" 
can be written out as p — exp{xi,yi, ...,Xi,yi, ...,Xn,yn,t). The Lie algebra t)„ can be described by 
means of a frame :— {Xi,Yi, Xi,Yi, Xn,Yn,T} of left-invariant vector fields for TH", where 
Mp) TWt' Y^{p) 4 + f i, « = 1,-,", T{p) f , for every p e H". More precisely. 
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denoting by [•, •] the Lie bracket of vector fields, we get that [Xi, Yi] ~ T for every i = 1, n, and all 
other commutators vanish. In other words, T is the center of [}„ and (]„ turns out to be a nilpotent and 
stratified Lie algebra of step 2, i.e. t)„ = H (B H2. The first layer H is called horizontal whereas the 
complementary layer H2 = span^lT} is called vertical. A horizontal left-invariant frame for H is given by 
Th = {Xi, Fi, Xi, Fi, X„, F„}. The group law ★ on H" is determined by a corresponding operation 
o on f)„, i.e. expX * expY = exp{X o Y) for every X,Y£ (]„, where o : f)„ x f)„ — > f)„ is defined by 
XoY = X + Y+^[X,Y]. Thus, for every p = exp{xi,yi, a;„, y„, t), p' = exp{x[,y[, x'^,y'^,t') e H" 
we have 



1 " A 



The inverse of p € H" is given by p ^ := exp(— xi, —yi..., —x„, —ym —t) and = exp (0^2^+1) . Later on, 
we shall set z :— {xi,yi, Xn,yn) & R^" and identify each point p G H" with its exponential coordinates 

{Z,t) e M2n+l^ 

Definition 1.1. We call sub-Riemannian metric hn any symmetric positive bilinear form on H . The 
CC-distance dcc{PiP') between p,p' S H" is defined by 



dcc{p,p') :=inf J ^Jh„{j,-^)dt, 



where the inf is taken over all piecewise-smooth horizontal curves 7 joining p to p' . We shall equip TM" 
with the left-invariant Riemannian metric h := (•,•) making J- an orthonormal -abbreviated o.n.- frame 
and assume hu := h\H. 

By Chow's Theorem it turns out that every couple of points can be connected by a horizontal curve, 
not necessarily unique, and for this reason dec turns out to be a metric on H". Moreover, the cfcu-topology 
is equivalent to the Euclidean topology on R^"+^; see [TH], [SO]- The so-called structural constants (see 
[19], [25] or [26l|27]) of [)„ are described by the skew-symmetric (2n x 2n)-matrix 



'2n+l 



10 
-10 
1 
0-10 














1 

-1 



which is the matrix associated with the skew-symmetric bilinear map Th '■ H x H — > M given by 

rH(x,y) = ([x,r],r). 

Notation 1.2. We set z^ := -Cl"+^z = (-yi, a;i, ...,-?/„, a:„) G M^" and X^ -C2"+^X for every 

X e H. 

Given p G H", we shall denote by Lp : H" — > H" the left translation by p, i.e. Lpp' = p-kp' , for every 
p' G H". Lp is a group homomorphism and its differential Lp^ : ToH" — > TpH" is given by the matrix 



d{p*p') 



dp' 



p'=0 



2 



2 



Ml 
2 







Equivalently, one has Lp^ = col[Xi(p), Yi(p), ...X„ (p), y„(p), r(p)]. 

There exists a 1-parameter group of automorphisms Sg : H" — > H" (s > 0), called Heisenberg 
dilations, defined by Sgp :— exp (sz,s^t) for every s > 0, where p = cxp{z,t) G H". We recall that the 
homogeneous dimension of H" is the integer Q :— 2n + 2. By a well-known result of Mitchell (see, for 
instance, [30 J, this number coincides with the Hausdorff dimension of H" as metric space with respect 
to the CC-distance dec] see, for instance, [H], [50] . 
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We shall denote by V the unique left-invariant Levi-Civita connection on TH" associated with the 
metric h = (•, •). We observe that, for every X,Y,Z eX:= C°°(H", TH") one has 

{S/xY,Z) = ^{{[X,Y],Z)-{[Y,Z],X) + {[Z, X],Y)). 

For every X,Y e Xh := C°°{W\H), we shah set V^F := Vh (V^l") , where Vh denotes the 
orthogonal projection operator onto H. The operation V" is a vector-bundle connection later called 
H -connection; see and references therein. It is not difficult to see that V" is flat, compatible with the 
sub-Riemannian metric Hh and torsion-free. These properties follow from the very definition of V" and 
from the corresponding properties of the Levi-Civita connection V. 

Definition 1.3. For any ifj G C°°(H"), the -ff -gradient of t/j is the horizontal vector field grad„ip G Xh 
such that {gradijip-iX) = diplX) = X^p for every X € H . The iJ-divergence divnX of X € Xh is defined, 
at each point p £ H", by 

divnXip) := Trace {Y — > Vf-X) (p) (F e Hp). 

The 7?-Laplacian Ajf is the 2nd order differential operator given by 

Anip :— divH {gradfjxj:) for every 'ip € C°°(H"). 

Having fixed a left-invariant Riemannian metric h on TH" , one defines by dualitjO a global coframe 
T* -.^ {Xl,Y{,...,X*,Y*,...,X*, Y*,T*} of left-invariant 1-forms for the cotangent bundle r*H", where 
X* — dxi, Y* = dyi {i — 1, n) and 

1 " 

6* := r* = (it + - ^ {yidxi - xidyt) . 

The differential 1-form 6 is called contact form of H". The Riemannian left-invariant volume form 
(j2n+i g /y2»+i(y*jjn) gj^gj^ ^2ri+i ._ ^yyrj^^ ^ dyi) ^e and the mcasurc obtained by integrating 

cr^"^^ is the Haar measure of H". 

1.2 Hypersurfaces and some geometric calculations 

Let S C H" be a C^-smooth hypersurface and let v be the (Riemannian) unit normal along S. Remind 
that the Riemannian measure cr^" G A "'{T*S) on hypersurfaces can be defined by contractior^ of the 
top-dimensional volume form (7^"^^ with the unit normal v along S, i.e. cr^L. S := {v-l o'tc"^^)|s- 

We say that p € S is a characteristic point if dim Hp = dim{Hp D TpS). The characteristic set of 5* is 
the set of all characteristic points, i.e. Cs '■= {x £ S : dim Hp = dmi{Hpr\ TpS)}. It is worth noticing that 
p G Cs if, and only if, = 0. Since IVn^ip)] is continuous along S, it follows that Cs is a closed 

subset of S, in the relative topology. We stress that characteristic points are few. More precisely, under 
our current assumptions the (Q — l)-dimensional Hausdorff measure of Cs vanishes, i.e. H'^^^{Cs) = 0; 
see [2], [24]. 

Remark 1.4. Let S C be a -smooth hypersurface. By using Frobenius' Theorem about integrable 
distributions, it can be shown that the topological dimension of Cs is strictly less than {n -\- 1); see also 
J 18^ . For deeper results about the size of Cs in H", see J^, lEj. 

Throughout this paper we make use of a homogeneous measure on hypersurfaces, called H -perimeter 
measure; see also [15], [12], [S], [SSI EI], [35], [3S]. 

Definition 1.5 ((T^"-measure). Let S C H" be a -smooth non- characteristic hypersurface and let v 
be the unit normal vector along S. The unit _ff-normal along S is defined by i/^ :— j^^-^- Then, the 

if-perimeter form ct^" G /\^"{T*S) is the contraction of the volume form ctJ"^^ o/H" by the horizontal 
unit normal v^, i.e. 

*The duality is understood with respect to the left-invariant metric h. 

^Let M be a Riemannian manifold. The linear map J : A'"{T*M) -5> A'— l(T*M) is defined, for X G TM and 
oj^ g A''( r*M), by (X _l a;'")(yi , VV-i) := li, Yr—i); see, for instance, [13]. This operation is called contractton 

or interior product. 
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If 7^ we extend ct^" up to Cs by setting ct^" L C5 = 0. It turns out that cr^" L S ^ {Vh v\ o-|" L S. 

At each non-characteristic point p G S\Cs one has //p = spangji/^ (p)}(B HpS , where HpS :— HpD TpS. 
This aUow us to define, in the obvious way, the associated subbundles HS C TS and Vj^S called horizontal 
tangent bundle and horizontal normal bundle along S \Cs, respectively. On the other hand, at each 
characteristic point p G Cs, only the subbundle HS turns out to be defined, and in this case HpS = Hp. 
Another important geometric object is given hy w :— -\^pf^\ see [26l[27], [11]. Although the function w 

is not defined at Cs, we have w € L\^^{S, cri"). 

Notation 1.6. Let S C H" he a -smooth hypersurface. We shall denote by Clis{S), i — l,2,...,k, 
the space of functions whose i-th HS -derivatives are continuou^. An analogous notation will be used for 
open subsets of S . 

The following definitions can also be found in [27 , for general Carnot groups. Below, unless otherwise 
specified, we shall assume that S C H" is a -smooth non- characteristic hypersurface. Let V^^ be the 
connection on S induced from the Levi-Civita connection V on H". As for the horizontal connection V", 
we define a "partial connection" V"^ associated with the subbundle HS C TS by setting 

for every X,Y G Xj,s := C^{S, HS), where Vhs : TS — > HS denotes the orthogonal projection operator 
of TS onto HS. Starting from the orthogonal splitting H — v^S (B HS, it can be shown that 

Vf y = V"^Y - (ViF, v„) v„ for every X,Y G XL • 

Definition 1.7. Given ip € Cj,s(5), we define the _ffS'-gradient of ip to be the horizontal tangent vector 
field gradifsip G X^g C{S,HS) such that {grad^s^, X) — dip{X) = Xip for every X e HS. The 
HS-divergence divusX of X G X^s is given, at each point p G S, by 

diVHsX{p) := Trace {Y Vf X) {p) (Y £ HpS). 

Note that divnsX G C{S). The //S-Laplacian A^^ : Cj^ (S*) — > C{S) is the 2nd order differential 
operator given by 

Ahs •= divHs {grad„si^) for every ifi G C^g {S). 
The horizontal 2nd fundamental form of S is the bilinear map Bh ■ X^s x X],s — > C {S) defined by 

B„ {X, Y) (V« y, y„) for every X,Y G XL • 

The horizontal mean curvature is the trace of Bh , i.e. "Hh TtBh . We .shall set 

Wh X := \7"x^„ for every X G Xls ■ 

The torsion T„s of V"^ is given by T hs {X, Y) := Vf F - Vf X - Vh [X, Y] for every X,Y G XL • 

If n = 1, the horizontal tangent space HS is 1-dimensional and the torsion vanishes, but if n > 1 this 
is no longer true in general, because Bh is not symmetric; see j27j . Therefore, it is convenient to represent 
Bh as a sum of two operators, one symmetric and the other skew-symmetric, i.e. Bh = Sh -\- Ah ■ It 
turns out that Ah = C^"^ \^^; see PTj. The linear operator C^"^^ only acts on horizontal tangent 

vectors and hence we shall set C^"'*'^ := Cn^^^l^g- 

Definition 1.8. In analogy with the Riemannian case, the eigenvalues Ki,i G Ihs , of the symmetric 
linear map Sh are called principal horizontal curvatures. 

Definition 1.9. Let S C W be a -.smooth non- characteristic hypersurface. We call adapted frame 
along S any o.n. frame J- :— {ti, ...,T2„+i} for TH" .such that: 

Ti\s = i^HJ HpS = spanK{r2(p), T2„{p)} for every p G S, r2„+i := T. 

Furthermore, we shall set In := {1, 2, 3, 2n} and Ihs := {2, 3, 2n}. 

^We are requiring that all i-th -HS-derivatives be continuous at each characteristic point p g C5. 



6 



Lemma 1.10. Let S C H" be a -smooth non- characteristic hypersurface and fix p ^ S. We can 
always choose an adapted o.n. frame T = {ti, T2„+i} along S such that {V xTi, tj) = at p for every 
i,j € Ihs and every X e HpS. 

For a proof, see Lemma 3.8. in f27 . We end this section by stating some useful technical lemmata. 
In the next proofs we shall make use of an adapted o.n. frame along S. 

Lemma 1.11. Under the previous assumptions, let us further suppose that S has constant horizontal 
mean curvature Hh ■ Then 

where \\ ■ Hor is the "Gram norm of a linear operator"; see 

Proof. Since — 1 we get that (V^.i/„, i^^) = for every i ^ Ihs. Therefore 



2 

Gr • 



Lemma 1.12. Under our previous assumptions, we have: 

(i) Tt{Bh{-,Ah .)) = \\Ah\\1.=^uj^; 

(ii) Tr(i?„(.,CS'+'-)) 
Proof We claim that Tt{Sh {■,Ah ■)) = 0. In order to prove this identity we compute 

{B„ n,B„n)~ {B* n,B*n) + {B„ T,,B*n)~ {Bl n ,B„t-_ 



□ 



= -^{{BlBHn,n)-{BHBln,n)} 
= -^{{BHn,B„n)-{Bln,Bln)] 
for any i € Ihs. Summing up over i S Ihs yields 

Tr(5„(-,A„.)) = lls«||i-iis;iiL=o 

and the claim follows. Now let us compute 

Tr(B«(-,A« •)) - ^{{Sh +AH)n,AHn)= ^ (A«r„ A„r,) = H^. = w^. 

i€lHS i&Ins 

This proves (i). Finally, (ii) follows from (i) by using the identity Ah = \ujCIs"^^ . □ 

In the preceding proof we have used the identity \\Ah \\%r = see [27], Example 4.11, p. 470. 

This identity can easily be proved by making use of an adapted o.n. frame F along 5. Furthermore, we 
observe that e KevAn, where = — C^"'^"^i^„. 

H ' H " tl 
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Remark 1.13. The following holds 

{W„X,Y) - {WhY,X) ^ -vj{Cls+^X,Y) for every X,Y e ■ 
The proof of this identity uses the fact that the bracket of tangent vector fields is tangent to S. 
Lemma 1.14. For every X,Y e one has Sh{X,Y) = ^{WhX,Y) - ^{Cis+^X,Y). 
Proof. Let X,Y E X]fs and compute 

Sh{X,Y) = i((V«y,i^„) + (V^X,i.„)) (by definition of 5« ) 



((V^i^„,y) + {W^i^jj,X)) (compatibility of V" with the metric (•, •)) 



= ^^i{W„X,Y) + {WHY,X)) 

= -^{2{WhX,Y) +uj{Cll^+^X,Y)) (by Remark inni) 
= -{W,X,Y)^^{C];'r^X,Y). 

□ 

Remark 1.15 (Characteristic direction and CC-geodesics). Let S be a smooth hypersurface and assume 

d^ 

that there exists a CC-geodesic 7 :] — e, e[ — > H" such that 7 C S' and — = ^"^(7), s €] — e, e[; see also 



f- = -XCl"+^i^^ = -\v„ for every s s] - e, e[ 



Remark \2.1\ As a consequence 

d^ 
ds 

for some constant A. It follows that at each point of j O S one must have V^^f^ — —Xv^ or, in other 

H 

words, this shows that Sh {v^ ^v^) = —A. 

1.3 Homogeneous measure on dS and horizontal integration by parts 

Let S C H" be a C^-smooth compact hypersurface with boundary. Let dS be a (2n — l)-dimensional 
(piecewise) C-'^-smooth manifold, oriented by its unit normal vector 77 e TS, and denote by (T^^"^ the 
Riemannian measure on dS defined by setting cr^""^ L dS = (r/_l o'^")|as. Note that 

{XJal'')\9S = {X,r^)\VHv\ a^^-^^dS 

for every X e C(5, TS). The characteristic set Cqs is defined as Cqs {p <E dS : \V h vWV hs ri\ — 0}. 
The unit HS -normal along dS is given by rjHs '■= j^^^- for 77-perimeter measure, we define a 
homogeneous measure CTh"""'^ along dS by setting 

We have a^^^LaS' = \VHiy\\VHs'n\<j'i'"'^\- dS; furthermore {X J ai'')\ds = {X, r]Hs) <tI^'^ L dS for 
every X G X%s ■ 

Definition 1.16 (Horizontal tangential operators). For simplicity, let us assume that S C H" is non- 
characteristic. Later on, we shall denote by T>hs ■ X^^ — > C{S) be the 1st order differential operator 
given by 

Vhs{X) diVHsX + w{Cl''+^u„,X) = divHsX -w{v^,X) for every X e XL ■ 
Moreover, we shall denote by Chs ■ C^, (5) — > C{S) the 2nd order differential operator given by 

Chs <P := Vhs {grad„s f) = Ahs f — ^'q^ f'^^ every ip G Cis {S). 



8 



Note that, in the characteristic case, the operators Vhs and Chs are not defined at Cs- The next 
integral formula was formerly proved for non-characteristic hypcrsurfaccs but it holds true even in case 
of non-empty characteristic sets; see and ^ . 

Theorem 1.17. Let S C H" be a -smooth compact hypersurface with piecewise -smooth boundary 
dS. If n — 1 assume further that Cs is contained in a finite union of -smooth horizontal curves. Then 

[ VHs{X)al"'^- [ nH{X,iy^)crl" + [ (X, ?7„s ) crJr^ for every X e Xl = C\W\ H) . 

Js Js JdS 

Note that, if X e Xj,s the first integral on the right hand side vanishes and, in this case, the formula 
is referred as "horizontal divergence formula". We collect below some useful Green's formulas for the 
operator Chs ■ 

Corollary 1.18. Let S C H" be a -smooth compact hypersurface with piecewise C^-smooth boundary 
dS. If n — 1 assume further that Cs is contained in a finite union of -smooth horizontal curves. 
Under the previous notation, the following hold: 

(i) Jg CHsipcrn" = for every compactly supported ip G C^g (S); 

(ii) Is '^"s 'fi ^ Ids d^/dr^Hs al"'^ for every ip £ (S'); 

(iii) Jg ip J-'Hs ^ cr'^" = Jg ip Cnsip a'^" for every compactly supported ip, ip £ CJs(S'); 

(iv) Jsii^ Chs^P- tp Chs ip) cri" = Jggiipdip / dijns ~ Lpdip / di]Hs ) cth?"^ for every (p, tp £ CL (5); 

(v) Jgil;CHs(pcrl'"' = - Jg{grad„s'P, grades i^) crl" + Jqs ipd(p/dr]Hs cr^"^ for every (p, ip £ (5); 

(vi) Chs (^2) = 2 Jg p^Chs V a2"+2 \9radHs ^? = 5^V5r/«s ' !or every ip £ CL [S) . 

The proof of the characteristic case follows from the non-characteristic one by dominated convergence 
together with some elementary estimates. The starting point of the proof is to cover the characteristic set 
by a family of subsets {U^}^>o such that: (i) Carg (s Ue for every e > 0; (ii) a^{Ue) — > for e — )• 0+; 
(iii) Jqjj \VhI'\ 0"^"^^ — >■ for e 0+; see also [5H]. It is not difficult to see that, under the previous 
assumptions, such a family does exist. Later on this idea will be used in order to extend the variational 
formulas for the _ff -perimeter measure proved in |26[ 127] . to characteristic hypersurfaces. 

Remark 1.19. A simple way to state Stokes formula is the following: 

Let M be an oriented fc-dimensional manifold of class with boundary dM . Then 




for every compactly supported (fc — l)-form a of class C^. 
Without much effort, it is possible to extend this formula to the case where: 

(*) M is of class and a is a (fc — l)-form such that a and da are continuous. 
For a more detailed discussion see Hlj . 

The previous condition (★) can be used to extend the previous formulas to vector fields (and functions) 
possibly singular at the characteristic set Cs- So let S C H" be a C^-smooth hypersurface with (piecewise) 
Ci-smooth boundary dS and let X £ C^{S \ Cs, HS). Set 

ax := {XJal")\s. 

Then, condition (★) requires that ax and dax be continuous on S. Note that X is of class C-'^ out of Cs 
but may be singular at C5. For later purposes, we also define the space of "admissible" functions for the 
horizontal Green's formulas (iii)-(vi) of Corollarv ll.181 

Definition 1.20. Let X £ C^{S\Cs,HS) and set ax ■= {X J al^)\s. We say that X is admissible 
(for the horizontal divergence formula) if, and only if, the differential forms ax and dax o'^e continuous 
on all of S. We say that ip £ C%{S\ Cs) is admissible (for the horizontal Green's formulas (iii)-(vi) 
stated in Corollarv ll.lSp if, and only if, ip grad„gip is admissible (for the horizontal divergence formula) 
for every ip £ Cj^ (S'\ Cs) such that ip grad^^ip is admissible (for the horizontal divergence formula). We 
shall denote by <P{S) the space of all admissible functions. 
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2 Isoperimetric Profiles 



Remark 2.1 (CC-geodesics and Isoperimetric Profiles). By definition, CC-geodesics are horizontal curves 
which minimize the CC-distance. In Heisenberg groups, they are obtained by solving the following system 
of O.D.E.s: 

\ = Ph 

Ph = — P2n+lCH"'^^ Ph (1) 
P2n+1 — 0. 

Equivalently, the 2nd equation to solve is given by Ph — P2n+iPit , where Ph — {Pi, P2n)'^'' , \Ph \ = 1- 
The quantity P2n+i turns out to be a constant parameter along 7. The vector P = {PH,P2n+i) G K'^"^^ 
can be regarded as a vector of "Lagrangian multipliers". Solutions of ^ are called normal CC-geodesics. 
We stress that (U) can be deduced by minimizing the constrained Lagrangian L(i, 7, 7) — \^h | + -P2n+i^(7)/ 
see \29f and references therein, or jlSUf . Unlike the Riemannian case, CC-geodesics in H" depend not 
only on the initial point 7(0) and on the initial direction Ph(0), but also on the parameter P2n+i- Now 
if ^2n+i = 0, CC-geodesics are Euclidean horizontal lines. Furthermore, if P2n+i 0, any CC-geodesic 
turns out to be a "helix'\^. To be more precise, the horizontal projection of any CC-geodesic 7 onto 
Hq = R^" belongs to a sphere whose radius only depends on P2n+i- Now take a point S E ^ and consider 
the, positively oriented, vertical T-line over this point. On this line, there exists a first consecutive poin^ 
M to S belonging to ^ . It can be proved that these two points, henceforth called South and North poles, 
determine a minimizing connected subset of ^ . By rotating this curve around the T-axis passing from S 
we obtain a closed convex surface, which is the so-called Isoperimetric Profile. 

Later on we shall study some features of a model Isoperimetric Profile, having barycenter at G H". It 
goes without saying that any other Isoperimetric Profile can be obtained from this one, by left-translations 
and intrinsic dilations. ^ 

Let p :^ ||z|| = \/Yl'i=iipi +yi) be the norm of 2 = {xi,yi, ...,Xi,yi, ...,Xn,yn) e R^" and let 
uo : Si(0) := {z e K^" : < p < 1} — ^ K be the radial function given by 



Setting 



uoiz) = ^ + ^\/T~^ - ^a.rcamp-.uo{p). (2) 

= |p = exp (z, i) e H" : t = ±uoiz), V z G Bi(0)| , 

we call Heisenberg unit Isoperimetric Profile Sjj" the compact hypersurface built by gluing together §j^„ 
and i.e. Sh" = U Since Vr2„uo — uo'{p)j^, it follows that the Euclidean unit normal along 

Sw„ is given by n^, = ( '^b2,iMo,±i) ^ ^^lis implies that 
" ^ ^ Vi+IIVk2„«oP 



1 + ||Vr2„uo|P + ^ Jl + ||VM2„uolP + f 



Using Uq{p) = — , ^ , we get that 

2V l-P^ 



t/fj — , — z zn 



Hence, by definition, it follows that 



arLS±„ = |7'«(z.±)|a^"L§±„ = J \\\/^..uoP + ^ dz\_ Bi{0) ^ -^L= dzL Bi{0). 



4 ' 2^ 



p2 



^If n = 1, 7(4) is a circular helix with axis parallel to the vertical direction T and whose slope depends on P3. We stress 
that the projection of 7(t) onto M.'^ turns out to be a circle whose radius explicitly depends on P3. 

^This point is a sort of "cut point" of S along 7. Actually, this is the end-point of all CC-geodesics starting from S with 
same slope. However the properly said cut locus of any point in H" (n > 1) is the vertical T-line over that point. 
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It is not difficult to compute the horizontal mean curvature of Sh"- In fact "Hh = —divHVu — ~2n. The 
so-called "characteristic direction" along S is the horizontal tangent vector field given by 



Remark 2.2. In the 1st Heisenberg group H^, the geometric quantity ly^), which coincides with 

H 

the horizontal mean curvature T-Lh of S , turns out to be the geodesic curvature (see 16], p. 203.) of any 
smooth horizontal path 7 :] — e, e[c M — > S such that 7 = ^'^(7); see also Remark \1.15[ 

The (weighted) vertical component of the Riemannian normal is given by 



■cu^ = ^^z^ = ^ = = — = ±2 



V, 



- ±1 _ ±1 _ ±1 _^ov/W^ 



Note that gradii — Vr2.ic/j for every function ip : H" — > M independent of t. Therefore 



grad„w^ = V^.^w^ = ±— 2^ - = T , n ^ - 

and 



- (-. i^rA - ^ ^ (3) 



Notation 2.3. Let n : Sh" — > where :— k\^± — ± ^"^^ ^ ■. Moreover, we set gn '■= {z^v^) and 
g-^ {z,v^). The junction gu is called horizontal support function associated with Sh" • 

Throughout the next proofs, we shall choose an adapted o.n. frame centered at a point p S Sh" as in 
Lemma 11.101 For the sake of simplicity, we only consider the case of the north hemisphere Sjjjjn . In this 

case, one has ^ = z + nz^ and = = — ^--j==. Let us state a key-identity of this paper. 
Lemma 2.4. We have Ahs k — — ^'^^^ k. 

Proof. Setting Zi {z,Ti), we have Ti^n) — n'— — ^' So we compute 



^ - V f Z±p^ _ ± . i^P^a-P^)-/)] .3 Kroneker delta) 

V p'V^ p p'{i-P^)^ I 

( 2n-l + gHHH , 2 (3/9^ - V) ^ 
/2?i-l-2?ip2 (3- V) \ 2n-4 

where we have used the identity \zhs P = p^(l — P^)- This achieves the proof. □ 

Lemma 2.5. Le< Bh be the horizontal 2nd fundamental form o/Sun. Then \\B 

\\Sh\\1^ =Q = 2n + 2. 
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Proof. By applying (i) of Lemma H. Ill we have Hcr — ^ J2ieiHs n'^ "i'^H ^ '^h) since 
V« = {z + KZ^) = r, + n{K)z^ - 

we get that 

||i?«||L = - E (v?.v«^.„,^.,) 

= {-Hh +g^A,sK + 2{Cl^+' grades K, (4) 

where we have used the identity (C^"^^ V^.r^, i/^) = 0, which holds for every i £ Ihs ■ Since C2"^^^'„ £ HS, 
the last identity can be proved by using an adapted horizontal frame, as in Lemma 11.101 Moreover 

{Cl^+' grades ^,1^,) = '^{Cl-^+^ z„s = {z-g„v„),v„) - -pn^'^. (5) 

P P 



At this point, using Lemma together with ([5]) and the identity gjf = —p^\ — p^^ yields 



2n - 4 „ 1 \ . 2n - 2 



\Bh IlL = 2n + p^l - p2 . n + 2k ^ = 4 



y p2 p^T^J P^ 

which proves the first claim. Finally, since ||-Bff||Gr ~ WSfWcr + 11^" llor and ||Aif Hcr = ^"jT^ tn^, using 
^2 = 4i^ yields II& IlL =Q = 2n + 2. □ 

Note that we have found the Gram-norm of Sh in an indirect way. However, we can be more precise. 
To this aim, we first compute 

k' 

Jh vt ^Jh{z± kz^) = Id ± -^z^ (8) z T kCI"+^ 

p 

By LemmaOl we have S„ {X, Y) = - {Wh X, F) - ^ (C^^+^X, Y) for every X,Y £ XL . Furthermore, 
let !Fhs = {Ti : i € Ihs } be any horizontal tangent o.n. frame. Then 

= (J'„i.±r„r,) + |(C2rV.,r,) 

= {Jhv^t,,t,)±k{CI'S+\,,Tj) 
k' 

= Sij ± ( (z^ (g) z) Ti,Tj) 

^ % =F — -7^=(2;,T,)(z-L,Tj). 

With no loss of generality, take T2 := . By a simple computation, we get —Sh (t2, T2) = 2. Furthermore, 
note that for any X S HS such that (X, i/^) = 0, one has must have {X, z) ~ {X, z^) = 0. Hence, for 
any o.n. frame J-'hs — {t2, T2„} for HS such that T2 = , Sh turns out to be the diagonal matrix of 
order {2n — 1) given by Sh Diag[— 2, —1, —1, —1]. Thus we have the following: 

Proposition 2.6. The principal horizontal curvatures of the Heisenberg unit Isoperimetric profile Sun 
are the numbers K2 = ~2, AC3 = ... = K2n = ^1- Furthermore, we have that any horizontal tangent o.n. 
frame J-hs = {t^ : i G Ihs } such that T2 = turns out to be a system of eigenvectors of Sh . 
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The principal horizontal curvatures reflect the geometric construction of the unit Isoperimetric profile 
Sh"- Indeed, any Isoperimetric profile is generated by rotating a CC-geodesic 7 joining two consecutive 
points belonging to a vertical T-line; these points are the South and North poles. Note that the number 
K2 just express a "curvature parameter "which uniquely determines all CC-geodesics joining the South 
pole to the North pole; see also Remark 11.151 As already said, this parameter is a special feature of 
CC-geodesics. Note also that the other principal horizontal curvatures express the rotational symmetry 
of Sm" with respect to the T axis. We end this section with a useful remark about the operator Chs ■ 

Remark 2.7. Let ip : Sun — > R 6e a smooth Junction and consider its restrictions to the hemispheres 

§H" ~ {-^ ^ (-^i^) € • ^ ~ iwo(2), z e _Bi(0)|. Since ip{x) — ip{exp{z,±uo{z))), we may thinking of 

(fi^ := (p\^± as functions of the variable z S -Bi(O). Now let (p : -Bi(O) \ {0} — !■ M. be a smooth function 

and fix spherical coordinates on -Bi(O) \ {0}, i.e. (p, g]0, 1] x S^"^^. With a slight abuse of notation, 
every function ip : §^„ \ {M, S} — > M will be regarded as a function of the variables [p, ^) g]0, 1] x S^"^"'^ . 

Setting C := G S^"^"'^, the operator Chs on Sh" takes the following form: 

Chs<P = (1 - p^Wpp + — + ^f' -2p^/l- p'^ip'l+\ /^^2,^-i if - (1 - P^)v5cc - (Q - 1)\/T~fp^f[, (6) 

^ p ^ ; 

^^^^^^^^^^^^^^"^^^^^^^^^^^^^^^^"^ Mixed Derivatives ^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^"^ 

Radial Operator Angular Operator 

where As2n-i denotes the Laplace operator on the Sphere S^"~^; see !l28f . Note also that 

rfwTS2«-iC = 0; (7) 

see Lemma 2.15 in \28^ . 

3 1st and 2nd variation of along compact hypersurfaces 

Let S C H" be a C^-smooth compact closed hypersurface oriented by its unit normal vector i' and let 
U C S \ Cs be a non-characteristic open set in the relative topology. We assume that the boundary dU 
is a (2n— l)-dimensional (piecewise) C^-smooth submanifold oriented by its outward unit normal vector 
r]. We say that a smooth map :] — e, e[xU — >■ H" is a variation of U if the following hold: (i) every 
'dt ■= "^it, ■) : Z-/ — > G is an immersion; (ii) ~ Idy. By definition, the variation vector of d is given 
by W := |j_Q = W^|t=Oj where W = "i?*^- Let (cr2")t denote the 77-perimeter measure along z?t(W) 

and set T{t) := i9t(cr^")t € /\^''{T*U), for every t e] - e,e[. Note that V{t) is a 1-parameter family of 
2ri-forms along U. The 1st and 2nd variation formulas of the 77-perimeter ct^" under the variation are 
given by Iu{W, al'^) = f (0) and LIuiW, a^") = f (0). 
In [2 7) we proved in a more general context, the following: 

Theorem 3.1 (see j27|). Let S C H" be a -smooth hypersurface oriented by its unit normal vector 
V and let U C S\ Cs be a non- characteristic relatively compact open set having piecewise C^-smooth 
boundary dlA oriented by its outward unit normal vector rj. Let be a variation of lA with variation 
vector W and set w := 45^. Then 



Iu{W, ) = - j Uh wal'^ + / {W, rj) \Vh v\ 4' 
Ju Jau 



2n-l 



Moreover, iflA has constant horizontal mean curvature "Hh , then 



dm n + 1 



LIu{W,al^) = (^-Uh W{wt)l^^ + \grad„sw\' + w" (^{n„f - ||&|||^ +2^ - ^^'j j 
+ / [(^(~wgrad„sw+^''\w^fl^^ ,7^) \Vhv\ + {diVTs{\VHy\W^) -nniW^v)) {W^ ,7^)) 



where W'^ denotes the tangential component ofW along lA and W'^ , denote, respectively, tangential 
and normal components ofW along lAt. Moreover, we have set Wt '.— ^^"^r where is the Riemannian 
unit normal vector along ^tiM) o,nd Vh is the orthogonal projection onto H at (p), for every p Cz S. 
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In [37] we stated all results for C°°-smooth hypersurfaces. If instead we assume that S is only in C^, 
some of the computations in the proof of the previous theorem should be understood in the sense of the 
distribution theory. More precisely, the proof uses explicitly the so-called curvature 2-forms associated 
with an adapted o.n. frame along S; see [B], [52]) or [3S1[57]- However, one can also assume that S is 
in C'^ and then use an approximation argument in order to extend the final formula, where no third 
derivatives occur, to the case. 

Remark 3.2. Let S C H" be a -smooth compact closed hypersurface. In this case it turns out that 
dimEu-Hau(Car5) < n; see 13]. Just for the case n = 1, we shall further suppose that Cs is contained in 
a finite union of C^-smooth horizontal curves. As already said, under these assumptions one can show 
that there exists a family {U^}^>o of open subsets of S , with piecewise -smooth boundaries, such that: 
(i) Cs U, for every e > 0; (fi) /or e ^ 0+,- (in) /^^^ \Vhv\ a^""! ^ /or e ^ 0+. 

Set S'e :— S\Ue. Later on we shall discuss the validity of Theorem 13. II for C^-smooth closed compact 
hypersurfaces S having non-empty characteristic set. To this end, let us consider the following limits (if 
they exist): 



Is{W,af) hm /s.(W,ai" 

e->0+ 



IIs{W,af) lim //s, (W^, a^"). 



Note that Is, [W, aj") and lis, [W, CTh") represent the 1st and 2nd variation of u^" along the 1-parameter 
family {Se\t>Q of non-characteristic hypersurfaces (with boundary). Since Cs is a null set with respect 
to the cr^" -measure (see Remark [Ll]) it is clear that, if they exist, the limits Is{W, aj") and Is{W, cr^") 
express the 1st and 2nd variation of crj" along S. For every e > one has 

Is{W, al^) = Is, {W, al^) + ly, {W, ), IIs{W, al^ = lis, {W, ) + IIu, {W, al^'). 

Remark 3.3. Although the quantities appearing in these formulas are not well defined at Cs , we could 
alternatively compute Iu,{W,(t'^^^) and IIu, {W, a],"), by using the representation formula a^" = \'Phv\o'^, 
and then show that: 



lim Iu,{W,<jI^) 



0, lim IIu,{W,al^) 



0. 



(8) 



Since Iu,{W,af') := /^^ f (0), IIu,{W,a],") := /^^ f (0), where T{t) '0;{<Tl'^)t, we need to compute 
d 



m = 

f(0) = 



dt 
dt^ 



2n 



\V„v\ 



(O^K )t 



dt 



\Vhv\ 



dt^ 



Note that f^{cr^)t and ^ (cr^")t, evaluated at t = 0, express the "infinitesimal" 1st and 2nd variation of 
the Riemannian Area cr^"; see \39f or fSjj. Nevertheless, this analysis goes beyond the scopes of this paper 
and below we shall discuss a different approach and other results valid in Heisenberg groups. 

By applying the 1st variation of cr^" to U ^ Se {e > 0) and (iii) of Remark 13.21 we see that the 
boundary integral tends to as long as e — 0+, i.e. 



lim 



{W,r)) \VHiy\cr 



2n-l 



0. 



dS, 



Therefore, it remains to study the convergence of the integral along the interior of as long as e 
By definition Hh ~ ^divHsVu and it turns out that divHs^u = divni'u. So we have 



Hh — divHV„ = divH 



\Vhv\ 



divH {Vh v) — {grad„ \Vh i^\,i^h) 
\rHiy\ 



(9) 



By noting thalEI I'P H ly'l is Lipschitz continuous at Cs, it follows that Hh E L^{S, ctJ"). More precisely, for 
every e > one has 



inn I <jf,- 



2n 



div„ [Vh v) - {grad„ \VHiy\,iy„)\ ai^ < C ai^ (U,) 



®Since S is C'^-smooth, v is of class everywhere on S. 
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where C is a constant only dependent on (the Lipschitz constant of) VhV- So IuA^^'^'h^) — ^ as long 
as e 0+ and wc finally get that 



/sWal") = lim /s.(W^,a2") ^ - I Huwal''. 

e^0+ Js 



(10) 



We also need the following fact: 



Lemma 3.4. Let ip : S 



be a piecewise smooth function such that (p cr^" = 0. Then there exists 



a volume-preserving normal variatioT^^ dt whose variation vector isW = ipv. If tp ^ along dS we can 
always assume that the variation fixes the boundary. 

Proof. This fact is well-known in the Euclidean setting and its proof applies as well to our case; see [1], 
Lemma 2.4. □ 

Remark 3.5. As in Riemannian Geometry, the 1st variation of a]f^ along a compact closed hypersurface 
S only depends on the normal component of the variation vector. For this reason, in the sequel only normal 
variations of S will be considered. Without loss of generality, we shall also assume that W := if \Vhv\ v 



for some smooth function ip : S 



Since 



J| , we nave w ^ (p. 



Let S be of constant horizontal mean curvature Hh (at each point of S \ Cs). Under the previous 
assumptions, the 2nd variation of cr^" along is given by 

ip {grades ip, v) ^^1 c^^""^- 

Lemma 3.6. Let S C H" be a -smooth compact closed hypersurface with constant horizontal mean 
curvature Hh . If G L^{S,a^^), then IIs{W,a],''^) = \im^_^Q+ I Is^{W, a],"-), where the variation 

vector W is chosen as in Remark \3.5\ 

Notice that ^ e L\S,a^^) ^ ^ e L\S,a^J'). 
Proof. We claim that the boundary integral tends to as long as e ^ 0+, i.e. 



lim 



(p{gradHs >p, v) ^1 ^ = 0- 



^^0+ Jos, 

Since dS^ — dU^, using (iii) of Remark [X^ we get /^^ \'Ph v\ ctk"^^ — > for e — > 0+ and the claim follows 
since \ip{gradHs'4^T'n)\ ^ 5llff^a'^//s¥'^llL°'(S)- Let us study the integral along the interior of S'^. 
• Since 



-n„w{ipt)l^^ = -u,p,\VHv\['^ 



and since Hh is constant along S \ Cs, it follows that the 1st addend can be integrated over all of 
S; since {grad^^y^l < ||3™'^ifs<y5||L=°(S): the same holds true for the 2nd addend. 



• One has H&HL = E 



, where {r^ : i G Ins} is an o.n. basis 



of HS; see Definition 11.91 Note also that (^^.v^,Tj)'^ = ^^^'i^^^^s'"^^^ for every i,j £ Ihs . Since 
e L\S,<tI''), it follows that \\Sh\\1,. E L\S,al'^). 

The 5th addend can be integrated over all of S, since the following estimate 



\Vhv\ 



< 



\Vhv\ 



holds true near Cs- Finally, the 6th term satisfies tn^ < -yp^ 



'^'^This means that W = is parallel to for every i G] — e, e[. 
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Using the previous remarks and the smoothness of tp (over aU of 5), the thesis easily foUows. □ 

Corollary 3.7. Let S C H" he a -smooth compact closed hypersurface. Let dt he a normal variation, 
having variation vector W — (p \VhI'\ v, for some smooth function ip : S — 5- M. Then 

Is{W,al'') = - I -Hnpal". (11) 

Lf |-p^^| G L'^{S,a'jP) and S has constant horizontal mean curvature, then 

LIs{W,aln - ^ (-H, W{cpt)l^^ + \9rad„sP\^ + p' (ul - \\S„\\L+2-^ - (12) 

Finally, we discuss another point of view, which can be used in order to extend Theorem 13.11 even in 
more general situations. In particular, we would like to use (normal) variations which can be (possibly) 
singular at Cs- For the sake of simplicity, we only consider the case n > 1. In view of Remark 1 1.4[ this 
implies that dimCs < 2n — 2. As already said, the validity of the 1st and 2nd variation formulas for 
(t|" up to the characteristic set Cs, can be formulated in terms of a limit procedure. More precisely, let 
S be a compact hypersurface of class without boundary and let us set Se = S \ V(e, where {Ue}e>o 
is a family of open subsets of S, with (piecewise) C^-smooth boundaries, such that: (i) Cs (s for 
every e > 0; (ii) a^{U,) — ^ for e ^ 0+; (iii) a^-^{dU,) — ^ for e ^ 0+. Note that these sets 
shrink around Cs, as long as e — > 0. Furthermore, let i?* be a normal variation of S with variation vector 
W = lp\'Phv\v, for some function Lp : S — > R. Nevertheless, we do not assume that p is smooth over all 
S, hut only on S \ Cs- Under these assumptions, for every e > the 1st and 2nd variation formulas on 
the non-characteristic hypersurfaces Sc are given by 

IsSW,al'') = - I Hnpal^, 

LIsAW,aln = (^-H„W^(^OL.o + li'™'^--^l'+^'((^«)'-|l^-llo. +2^-^^'))'^'" 

{p grades \'PHv\a'^'^^ . 



las. 

This follows from Theorem 13. 1[ since dt is a normal variation. Now consider the limits (if they exist): 
/5(W^,ar) := lim /s,(W^,a2"), //^(VF,^^) Hm //s, (W^, a^"). 

What is a sufhcient condition for the existence of these limits? The previous analysis showed that if p) is 
smooth on all of S, then the limits exist (For what concerns the 2nd variation, we also have to assume 
e L'^{S, ct^").). However, it is enough to require that all integrands are continuous over all of S. 

Notation 3.8. Let us set 

Xi '■= -'Hnpal", 

X2 l^-nnW{pt)l^^ + \grad,sP\' + P^(^{nnr-\\S„\\t+2^-'^w'^^ 

X3 ■■= - {p grad„sP,ri) \'Phv\ct'^^^ . 

Proposition 3.9. Let n > 1. Let S C H" he a compact hypersurface of class without houndary and 
let 'dt he a normal variation of S. Let W he the vector variation of -dt and assume that W = pIVevIi^ 
for some function p : S — >■ M which is C'^ -smooth on S\ Cs- Furthermore, assume that the differential 
forms Xi,X2,X3 are continuous on all of S- Then 

Is{W,al^) = - [ Unpal^, 
Js 

LIs{W,al-) = |^(^_H«W?(^t)L.o + lff™'^--^l' + ^'(^' -ll^-llo. +2^-^n72 

Proof. It is enough to note that, if the differential forms XiiX2:X3 are continuous on all of S, then the 
integrals /s, (W^, ct^"), //g^ (M^, crj"), turn out to be well-defined (and finite) for every e > 0. The thesis 
follows since the boundaries dS^^ converge to the lower dimensional set Cs, as long as e — )• 0. 

□ 



16 



3.1 1st and 2nd variation of volume, isoperimetric functional and the notion 
of stability 

Let D C H" be a relatively compact domain with C^-smooth boundary S := dD. Let id '■ D — > H" be 
the inclusion of D in H" and let :] — e, e[xZ) — ^ H" be a smooth map. We say that is a variation of 
Id if the following hold: (i) every i?i := d{t, ■) : D ^ H" is an immersion; (ii) — id- 



Let dt be a variation of D with variation vector W = "d^t 



and set W ■.= 'd^4i- The 1st and 2nd 



variation formulas of cr^"^^ L D, denoted as Id{W, ctI""*"^) and IId{W, cr'^^^), are given by 



Setting (fT|"+^)j := zJ^* (cr|"+^), we see that 

flty^'^ )t-'~'w\^'^ If dt'^ ^ J t - '-w y'-w \'^-^ It) 
By Cartan's formula for the Lie derivative we compute 



t=o 



and by applying Stokes' Theorem we get that 



where w = For what concerns the 2nd variation of ct^"^^ L D, let us compute 



since Cod—doC 



(13) 



where :— j^'^t | , i^* is the Riemannian unit normal along St := '^(('S') and {'HH)t is the horizontal 
mean curvature of St- Note that the last identity follows from the infinitesimal 1st variation of crj". 
Using again Stokes' Theorem, it turns out that the 2nd variation of ctk"^^ L D can be written out as a 
boundary integral along S, i.e. 



nD{W,ai"+^) = I [W{wt)l^^-nHnr] a; 



(14) 



Corollary 3.10. Let D C H" he a -smooth compact domain. Suppose S — dD has constant horizontal 
mean curvature and let ^ G L^lS^aj,"^). Let dt be a volume preserving normal variation of S having 

variation vector W — ip {Vh i'\ v for some smooth function ip : S — > M. Then 



LIs{W,ol'')^ j^(^grad„ 



dvj n + 1 



VD fT 



J2n 



2 

Proof. For volume preserving variations, using the 2nd variation formula of volume yields 



(15) 



(nnWi^t 



t=o-^«^ 1 a« =0 



and the thesis follows by substituting the last identity into (|12p . 
We also have the following "alternative" version. 



□ 
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Corollary 3.11. Let n > 1. Let D C H" be a -smooth compact domain with boundary S — dD 
of constant horizontal mean curvature. Let be a volume preserving normal variation of S , having 
variation vector W = ip \Vhv\ v, for some smooth function ip : S — > R on S \ Cg. Furthermore, assume 
that the differential forms XI1X21X3 cif^ continuous on all of S ; see Notation \3.8l Then 

IIs{W,al") = 1^ (^\grad„sV\' + ^' ("ll^^lli - ^^')) 

The Isoperimetric Functional in our context can naturally be defined by 

.(Z,, _£?^, ,16) 

where D varies over bounded domains in H" having C'^-smooth boundaries. So let -dt be a variation of 
D with variation vector W. Differentiating (|16l) along the flow -dt, using (|13l) and (ITT]) , yields 

f H..,i--^ , / ..l-K (17) 



By choosing a volume-preserving variation. This means that the flow 'dt associated with W does not 
change the volume, i.e. a'^'^^ {'dt{D)) = a^'^^{D) for every t £] — e,e[. It follows that the last integral 
vanishes and, by means of the Fundamental Lemma of Calculus of Variations, we obtain the following: 

Corollary 3.12. Let D C H" be a relatively compact domain with -smooth boundary and assume 
that D is a critical point of the functional J{D) under volume-preserving variations. Then Hh must be 
constant on dD \ Cqd . 

Remark 3.13. Let D be a critical point of J{-) under volume-preserving variations. Using (|17p yields 

which implies that there are no closed compact H -minimal hypersurfaces in H"; see \21^ . f38^ . 
Using volume-preserving normal variations, we also get that 

dH t=o ^a^^+\D)f'^ 

The last computation motivates the following: 
Definition 3.14 (Stability I). Let D C H" be a compact domain with C'^ -smooth boundary S = dD 
such that ppjTjy G L"^ {S , cTh"') ■ assume that D is a critical point of J{D) under volume-preserving 

variations. We say that S is a stable bounding hypersurface if IIs{W,a^"') > for every non-zero 
volume-preserving normal variation dt of S, having variation vector W = (p \'PhI'\ v, where : S — > M 
is any smooth function on S . 

Moreover, we propose a weakening of the notion of stability. 

Definition 3.15 (Local Stability). Let D C W^,n > 1, be a compact domain with -smooth boundary 
S = dD and assume that D is a critical point of J{D) under volume-preserving variations. We say that 
S is a locally stable bounding hypersurface if for each p € S there exists a neighborhood ^ C S of p such 
that //si(W,cr^") > for every non-zero volume-preserving normal variation dt of fl having variation 
vector W — ip \VhI'\ v such that ip : — > M is any smooth compactly supported function on f2. 

Remark 3.16 (Radial variations). Let D C H" be a compact domain with radial symmetry with respect 
to the vertical direction T . In this case, a "natural" class of normal variations can be defined by using 
radially symmetric functions on S — dD. More precisely, a useful "stability test" for the domain D is 
that of being stable in the sense of Definition 3.14\ for all smooth radial function ip : S — > M. In this case, 
we shall say that D is radially stable. Clearly, radial stability is just a necessary condition for stability. 

By applying Corollarv l3.11[ the notion of stability can be further generalized. 

Definition 3.17 (Stability II). Let D C ]HI",n > 1, be a compact domain with -smooth boundary 
S — dD and assume that D is a critical point of J{D) under volume-preserving variations. We say that 
S is a stable bounding hypersurface «/ //s(iy, cr^") > for every non-zero volume-preserving normal 
variation dt of S having variation vector W = (p \Vh i'\ v , where Lp : S — > M is any smooth function on 
S\Cs such that the differential forms XiiX2,X3 turn out to be continuous on all of S; see Notation \3.8\ 
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4 Isoperimetric Profiles and Stability 

We already know that Sjjn is (the boundary of) a critical point under volume preserving variations of the 
isoperimetric functional J(-). Furthermore, it is not difficult to see that ^| e L^(Sh" , crj"); see also 
Remark l4.17l We start with the following: 

Theorem 4.1. Let n — 1. The Heisenberg Isoperimetric profile Sjii is a stable bounding hypersurface in 
the sense of both Definition \3. 14\ and Definition \3. 17\ 

Proof. Let -dt be any non-zero volume-preserving normal variation having variation vector W. Thus, 
using Lemma [2.51 together with ^ and the fact that (t*?^)^ — 4^^^, yields 

-II& Hi +2^-^2=0. 



By applying formula (|T5j) we obtain 



{W, aln^ I \9rad,s ^?cjI^ > 0. 



If Jg ^ l^rad^s (^pcr^" = 0, then \grad^gip\ — {I'jj'ipl — 0. In particular, it follows that ip is constant along 

any leaf of the so-called characteristic foliation of §ei ■ Note also that each leaf joins together North and 
South poles of Shi- Hence ip is constant along S^i and since /g ^ fa],"- = 0, we finally get that (fi = 0. 

Therefore 

for every non-zero normal variation, as wished; see also Proposition 1.22 in |28) . □ 

From now on, we shall study the case n > 1. In the general case, we are not able to give a complete 
proof of the statement valid for n = 1. Nevertheless, below we shall obtain some partial stability results. 

We choose a (non-zero) volume-preserving normal variation ??t with variation vector W. This means 

that W is parallel to i^* for every t £] — e, +e[. As in Remark 13.51 we also assume that W = ip\Vhv\v 
for some (at least piecewise) smooth function Lp : S — > M. As already said, this choice implies that 

w = = If. From ©, Lemma and the identity (n7±)2 = 4^^, it follows that 

nr. ||2 .o^w n+1 2 Q - 4 
oi'^ 2 

Hence, using formula dTSl) yields 

//s,„ {W, = ^ [\grad,s P? ~ ^^') (18) 

for every smooth function (p : §h" — > K such that j^^^ pcr'jp — 0. Note that Q — 4 = 2n — 2. 
Remark 4.2. In order to study the positivity of the 2nd variation o/Su"; we shall set 

4 



Sip) / ( \grad,sP\' - ^^v' ] (19) 



and study the sign of the functional ^i-) for functions belonging to the class (l^{Sm") of admissible functions; 
see Definition 11.201 

Roughly speaking, we are considering functions p £ C|s (Sh>. \ {Af, S}) which can be "integrated 
by parts" on §h"- In using this class, we are including possibly singular solutions at the poles Af,S of 
§11") which are the only characteristic points of §h"- Nevertheless, we may apply the horizontal Green's 
formulas (iii)-(vi) stated in Corollarv ll.181 Moreover, it is not difficult to realize that the "right functional 
class" where studying this problem is given by 



^>o(Sh") := |<^e (^Sh-,^) : V^O, \grad„sp\ e L\Su^,<yl''), ^ 



= 
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For simplicity, in the sequel we shall restrict our study to functions belonging to the class 

<Z'l(§H") :=<?(§H")n<Po(§H"). 

Remark 4.3. Integration by parts in yields 



for every tp ^ <Pi ) • Hence, it becomes natural to study the associated equation 

P 

Note that we can also consider a non-zero constant C G M, because J^^^ ^cTh" — 0- already know a 
solution to this equation when C = 0. Indeed, Lemma \2.4\ says that AhsK = — ^^t-^k, where we recall 
/i ^ 

that K ~ = ±— — — along §g„ • Since vj = 2k, using ^ yields 



ChsK - 



2n - 2 



-K = 



which shows that k is an eigenf unction, with eigenvalue fi — 2n — 2, of the closed "singular" eigenvalue 
problem: 

CHsip + ^f^O /or e (Z>i(§H"), (/i e M+). 



For the sake of completeness, let us first compute 1st and 2nd variation of S^(-). So let t £] ~ e, e[, let 
(^1,(^2 G ^i(Sh") and consider the "perturbed functional" ^ (^ip + ttpi + ^^2^ ■ Then, the 1st and 2nd 
variation of ^(■) can easily be obtained by computing the following derivatives: 



t=o 



t=0 



We thus have 



and, by integrating by parts, we obtain 



{grades P,grad„sfi) - '^^ n ^ y"/?! ) f^l" 



{grad„s P, grades f2) + {grad„s fi^grad 

HS '-Pi) 



2n~2 



{^1 + W2) CTff 



2n 



-2 ipi [ Chs ip 



2n - 2 



P2 Chs P - 



P 

2n~2 



ip + \grad„s(piiY 



2n-2 



,„2 \ Jin 



P J P 

It follows that any critical point of (i.e. any solution p € ^i(§Hn) to ~ 0) solves the equation: 

Lhs ip H 5 — p ~ C 

P 

for some constant C G M. Hence, a critical point of 5^ is a stable minimum if, and only if, one has 

r (^) = 2 / (\grad„s " ^^vl) ^iP > 

JSh" V P / 

for all pi G <?i(§H")- As a straightforward consequence, positivity of ^ is equivalent to positivity of^". 
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Remark 4.4. Unlike the Riemannian case, for which we refer the reader to 'll, the knowledge of the 
minimum eigenvalue of Cms on Sh^ is not sufficient to solve this problem. More precisely, Rayleigh's 
Inequality says that 



¥ve#(SM.). / v'f 



where Ai denotes the first non-trivial eigenvalue of Chs on Sh" • This implies that 



Q~4: 



2n 



with strict inequality unless ip is an eigenfunction associated to Ai . But the last integral it is not necessarily 
greater than zero. 

From now on, we will study the closed eigenvalue problem (singular at Af,S): 

Chs(P+-^(P^O V G <I>i(Sh"). (20) 
P 

Here we have to remark that all solutions to this equation must satisfy the following further compatibility 
condition: 

Sh« P 

To see this, it is sufficient to integrate (|20l) over Sh" and use J^^^^ Cnsfcr'j,^ = 0. Furthermore, it is a 
simple consequence of the horizontal Green formulas discussed in Section [1.31 that the following hold: 

• all eigenvalues are positive real numbers; 

• all eigenfunctions can be chosen to be real-valued; 

• eigenfunctions corresponding to distinct eigenvalues are orthogonal with respect to the "weighted" inner 
product (</.!, 02)o :=4„^'^'"; 

• all eigenfunctions can be chosen to be orthogonal (note that eigenvalues with multiplicity will have 
several eigenfunctions) with respect to (•, Oo- 



Set now 

Lemma 4.5. Let jji be the first eigenvalue of (|20p and consider the minimization problem: 

m := min ©((yc)- 

¥>G<fl(SHn) 

Assume that the minimum is achieved, but probably not unique. Then m is the first eigenvalue of (|20p 
and any minimizer f of &{■) is a corresponding eigenfunction. 

Proof. If / : §H" — > R is a minimizer in <?i(Sh"), then 0(/) < &{ip) for all ip £ <^i(§H")- In this case, 
the real- valued function g(e) = &{f + e(p) has a minimum at e = and hence .g'(0) = 0. We have 



(4. ^^^") {kA9rad.sf,Srad^s^)<yl-) ~ (4,. ag" ) (^^ ^ 
g [{J) — Z / .„ s 2 ^ ^' y ) 



Therefore 



f {grades f, grades y') crj" = m /" ^ al" 
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and since — /g^^ ipLns f (Jh^ = /g^^ {grades /, grades c^", it follows that 



for all ip e ^i(Sh™). Hence 



/ 

Chs f + m— = 0, 



i.e. / is eigenfunction of ([20l) with eigenvalue m. In order to prove the last claim, let nt be another 
eigenvalue of (|20p with corresponding eigenfunction fi. Then 

m <©(/,)= 



Is, 



and hence m = /ii . □ 



We already know that the function k = = ± p'' is an eigenfunction of ([20)1 with corresponding 

eigenfunction = 2n — 2; see Remark 14.31 Below we shall show that fi — /J,™'*, where /i™"^ denotes the 
1st (radial) eigenvalue of ((20| in the class of all radial (p ^ <Pi (Sh^ ) . 

Along the lines of [28] , where a similar method is adopted to study the "closed eigenvalue problem on 
SHi"for the equation 

£hs f + — 0, 

as a first step, we shall study the equation ([20)1 for radial functions on §h" ■ Hence, we have to solve the 
following O.D.E.: 

^pp(l - P') + ^ (2n - (2n + l)p') + 4^ = 0, (22) 



where ip is now a radial function belonging to <?i(§h"); see Remark 12.71 This can be done, exactly as in 
[25] , by studying the restrictions ip^ of (p to the hemispheres Sg„ , together with some suitable boundary 
conditions. For the sake of simplicity, in doing this, we shall assume ip £ C^(]0, 1]). 

Remark 4.6. Remind that 

arL§±„ = — =L=dzLSi(0), 
2V1 - P^ 

and using spherical coordinates (p, G 1] S^"^""^ on -Bi(O) C R^" yields 

dz = dp A dcrs2„-i (^). 

The integral conditions required for belonging to ^i(Sh'0 can then be rephrased in terms of one- dimensional 
integrals over the interval [0, 1], endowed with a ^^weight- function^' induced by . 

Lemma 4.7. Let be an eigenfunction of (j20p with corresponding eigenvalue fi and denote by ipQ its 
spherical mean, i.e. 



ipo / '4>da^2^-i. 

^/ V'o 7^ 0, then -00 is an eigenfunction of (|22p with corresponding eigenfunction fi. 
Proof. Analogous to the proof of Claim 2.23 in [55] • First, note that 

^ V ' 

=0 

By making use of (jSJ) (see Remark l2.7p we have 

r I n 2^ ,// ^ 2n-(27TH-lV , r j „ 

+^As2„-iV - (1 - p')V'cc - (Q - i)yT^V'c- 
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Integrating this expression along ^, using ([7]) and the Divergence Theorem for the Sphere S^" ^, 
yields 

C„s^das..-. = [ f (1 - p2)V.;'p + 2"-(2^+lV^ ^A (23) 



Furthermore, one has 



^-^0 = + ^ 



, 2n-(2n+l)p2 / 
(1 - P j'/'pp H "^p ) ao-s2„-i. 



We therefore get that 



which proves the thesis. □ 

Unfortunately, the spherical mean "00 of any eigenfunction ij: can be equal to and so, in general, 
we cannot conclude that there are no other eigenvalues, apart from the radial eigenvalues. We need 
something different. 



In the next Lemma |4~81 we will use Frobenious' Method; see [42]. Note that if we attempt to find the 
solution of equation \22\ in the form of a power series, we have to employ the Laurent expansion around 
t — Q. So let m G Z and assume that 



+00 +00 



¥'(P)=P"™E«'/^'=E°'^'~"- (24) 



Lemma 4.8. There exist solutions to (|22p 0/ the form \24,\ if, and only if, one has 

lira — m{2n — (m + 1)) for every m ~ 1, 2n — 1. 



These numbers can be eigenvalues of 1^22^ . associated with radial eigenf unctions belonging to the class 
<?i(Sh"), only if m = 1, n — 1. In particular, the first eigenvalue of (f22|) turns out to be ^ Q ~ A 
and its associated eigenfunction is given, up to constants, by ipi = k; see Remark\4.3\ 



Proof Since <f'{p) = E^i^ - m)aip^-"'-^ and (p"{p) = " ™)(' l)a^/o'"™"^ substituting 

these expressions into ([2^ yields 

+00 

E {{I - m){l - m - l)ai(l - p^) + {I - m)a;((2n) - (2n + 1)^^) + pai) p'-™-2 = Q. 
1=0 

So we get that 

+00 +00 

y ai {{I - m){l - m - 1 + 2n) + p) p'-"-2 = a, {{I - m)(l - m + 2n) p'"™. 

From this identity we infer a system of necessary conditions on the coefficients of the Laurent expansion 
of Lp. More precisely, we must have 

— ai — Q and a;+2 — Pi for all I £ N. (25) 

Since ao = ag {m(rn + 1 — 2n) + p) and ai — ai(— (m — l)(2n — m) + p) we obtain either 

flo = or p = m{2n — 1 — to), (26) 

or 

fli = or p = (to — l)(2?i — m); (27) 
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furthermore 

{I - m){l + 2n-m) ^ „ , ^ 

- il + 2^m)il + 2n+l-m) + , ' ^ 

Note that this procedure makes possible to write down the solutions in terms of recurrence relations. 
From (l^5|) we get that, if 00 = 01= 0, then all coefficients must be zero. Since /i > 0, assuming oq ^ 
(and therefore, ai = 0), yields m G [2,2n— 1], while assuming ai 7^ (and therefore, ag = 0) yields 
TOG [1, 2ri — 2]. This proves the first claim. 

For what concerns the second claim, note that any (radial) solution ip belongs to (§h" ) only if 

Therefore, by an elementary computation, we get that it must be 

2n — 2 (to +1) > —1 TO < — 1- 
Finally, the last claim was already known; see Remark 14.31 □ 
Let us state a first consequence. By making use of Lemma l475l and Lemma [4.81 we get that 

(§H"). 



[ \grad„s 'fif ct^" > (2n - 2) /" ^ cr^" for all radial ip e <Pi 



Therefore 

//sh. {W, ai-) = / (\grad,s - ) > 



for all radial function if e ^i(§h") and, more precisely, //s„„ (W^, ct^") > 0, unless (p is an eigenfunction 

oi III = Q — 4. The radial eigenfunction of ni, up to constants, is the function = zfc which does 

not satisfy Definition l3.141 because it is singular at the poles. This proves the following: 

Proposition 4.9 (Radial stability). The Isoperimetric Profile Sh^ turns out to be radially stable in the 
sense of Remark \3.16\ More precisely, let §1 be any normal variation of Sun , having variation vector 
W = <p\Vh vlv, where Lp € <Pi (Sh" ) is radial. Then, we have Ilg^^ {W, crj") > and //sjj„ {W, cr^") = if 
and only if, ip is an eigenfunction for the first eigenvalue Hi"''^ := ni = Q — A of equation (|22p . 

We now discuss some other features of the general case. We start from a lemma which is well-known 
in the classical setting; see [2]. 

Lemma 4.10. Let S C H" be a hypersurface of class C'^ and let fl CZ S be any bounded domain. If there 
exists a function ■0 > on satisfying the equation Cnsip = then 



n 



{\grad„s^\^ + q^^) > 



for all smooth function ip compactly supported on 

Proof, li Ip > satisfies ChsiP = 9^ on 17, let us define a new function (j) ■= ^ogt}). By an elementary 
calculation we see that Chs4> — Q ~ Ig^o.dns'Pl'^ ■ Indeed, one has 

Chs 4> — divHs {grades 0) — n7{v^ , grades (j)) 

f grades _l grades "0 



div 



HS 



\ Tp J \ " ' 



AhsiP I _L grades ipW \grad„silJ 

ZD { V, 



2 



\gradns< 



^HS^ I , ,|2 



q - \grad, 



■HS 0P- 
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Now let Lp be any smooth function with compact support on f2. Muhiplying by —Lp^ both sides of this 
equation and integrating by parts, yields 

- / 'p'^ {q- \ grades (j}]'^) (jI"^ ^ - (/3^£hs crj" = / 2(p {grades grades (t)) '^i'^ ■ (28) 
Now since 

2\(p{gradf,sV, grades <P)\ < 2\<f\\gradjfs<f\\ grades < \(p\'^ \ grades <l)\'^ + Iffrad^si^p, 

the thesis follows by inserting this inequality into (l28l) and then by cancelling the terms 93^ | grades 0P cr|" . 

□ 

Corollary 4.11. Let Q (s Sg„ or 17 d §jj„ . Then, the following inequality holds 



j^[\grad„sV? - '^-^V') >0 



for all smooth function ip compactly supported on 

Proof. Setting q — — , the thesis follows by applying Lemma [4.101 with := \f^^^ □ 

Another easy consequence of Lemma 14.101 is contained in the next: 



Corollary 4.12. Set §* := |p = cxp(z,<) e §h" ■ P = \z\ > y^f^j. Then, for every f2 d §* the 
following inequality holds 

1^ [\grad,s^\' ^ ^1" > 

for all smooth function if compactly supported on 

Proof. Choose q = — ^^^^3^. Note that the function -0 :— — ^ is strictly positive on every (s §*. 
Furthermore, it turns out that Cnsip — qip. Then, the thesis follows by applying Lemma 14.101 □ 

Remark 4.13. In the inequalities of both Corollary \4-ll\ o-nd Corollary \4.15\ the function ip is not 
necessarily zero-mean. In other words, we do not require the validity of the condition ^cr'^"' = 0. In a 
sense, these inequalities are stronger than what one might expect. 

Putting together CoroUarv 14. 11 1 and Corollarv l4.15[ we immediately get the following: 

Theorem 4.14 (Local Stability). The Isoperimetric profile Sh" is a locally stable bounding hypersurface 
in the sense of Definition lS. 151 

We end this section with the following: 

Remark 4.15 (Question). // fi denotes the 1st eigenvalue of ()20p . then is it true that 11 — 2n — 2? 
Roughly speaking, is the 1st eigenvalue of ()20p equal to the first eigenvalue of the radial case? 

Note that a negative answer to this question would automatically imply that Isoperimetric Profiles 
are unstable. 

4.1 Appendix A: the case of T-graphs 

Below we overview the variational formulas for the _ff -perimeter cr^", in the case of smooth T-graphs. 

Let Vt C R2" be an open set, let u G C'^{Vt) and set S := {exp (z, i) e H" : t = u{z) V z G rj}, i.e. S 
is the T-graph associated with u. Then, v — } ' ^ ^ is the unit normal along 5* and we have 



= II '^"^""^ 2 g^jj^jj ^ _ 1 — _ rpj^g 77-perimeter measure cr^" on S turns out to be given by 



w 



VR2>.'U — 



dz\_ n. 
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The computation of the 1st and 2nd variation of cr^"L S — VR2nu — ^ dz can be done by using 

variations dt which only act along the T-direction. So in particular we are here assuming that the 
variation vector is given by = (jjT for some (j) £ C^{S). Since p = exp{z,u{z)) G S for every z g 17, 
with a slight abuse of notation, we shall also assume that (f> : J7 — > R. Hence, using T-variations one has 



'T,ar) = 



=0 



, [u + sq 



dz, IIs{cj,T,aT) 



ds^ 



=0 -i^ 



Vr2„ {u + sq 



dz. 



for every (f) G C^{il). An elementary calculation shows that: 



|Vr2„U - ^1 



dz. 



IIs{^T,al^) = 



(( 



nU - 



■ dz. 



(29) 



(30) 



Remark 4.16. Let Q, C M^" be a relatively compact open set having piecewise -smooth boundary 
and let (/> E C^{n). Since the integrand in (|29p is everywhere bounded by ||VR2n(/)||, the 1st variation 
formula (1291) makes sense for every T -graph u : i7 — M of class C^. Furthermore, by using the standard 
Divergence Theorem, we get 



Is{^T,aT)^ / <f>dtv 



~Vr2„U + 
|V7 I 

I Vk2„M - — I 



dz 



for every (j> G Cj!j(f7), where Hh = —divR2n 



-Vk2,.M+%- 



The integrand in (|30p can be estimated by 



IIVr2„ 



Thus, by assuming 



|Vr2„U - ^ 



— e L\n,dz), 



(31) 



the 2nd variation formula (|30l) makes sense for every T -graph u : Q. — > M of class C^. It is not difficult 
to show that (jSTJ is equivalent to ^| € L^{S,(t^); compare with Lemma \3.6[ Finally, under the same 
assumptions, one has IIs{(f>T,a'^") > for every (j) G C^{Q.). 

Remark 4.17. For radial T-graphs of class at least , condition (|3ip is satisfied. Indeed, one has 

||Vr2«M - 



\J {"^'pY "I" '^"'^ claim follows since 



< 2 e L^{n,dz) 



, „ y , , .... .... ...... ....... ...... y^;;;^ - p 

In the case of Isoperimetric Profiles, we use (|29|) and ([30l) to give a heuristic proof of their stability. 
Remark 4.18. Let S = §g„ and u — ±uo; see Section\^ In this case il — -Bi(O) C M^" and we have 



I^± {^T,al^)^- [ {V^.^<t>,z)d 
by applying the 

V {cj)T,al^) = 2n f c^dz 



diva2nZ — divK 



bz)) dz, 



where the second equality follows by applying the usual Divergence Theorem. Therefore 



for every (p G Cq(_Bi(0)). This shows that each hemisphere is a critical point of a]," belonging to 
the class ^' = {(/) G CQ(i?i(0)) : Jg^^^~^(j>dz = 0}. Note that the last integral condition gives a volume 

constraint on the functional crj" L §^„ . In other words, we are using "volume preserving variations "; see 
Section fXil By Cauchy-Schwartz we obtain 



II^±UT,cjI'')>2 



Bi{0) 



■{I- p^)^ dz > 0, 



or, in other words, the .stability of each hemisphere in the class . 
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4.2 Appendix B: further remarks about stability 

For future purposes, we discuss two conditions concerning stability: a sufficient condition and a necessary 
condition. Let D C H" be a compact domain with boundary S — dD satisfying either the hypotheses of 
CoroUarv l3.10l or those of CoroUarv lS.llI Integration by parts yields 



n + 1 
2 



^2 \ \ Jin 



H • 



Therefore, we can turn our attention to a suitable eigenvalue problem for the operator Cms . More 
precisely, let us consider the following: 



on S 



whenever ip G ^(5*), ip 0; see Definition 11.201 Thus we see that: 

• A sufficient condition for the stability of D is that the first eigenvalue of this problem is greater 
than, or equal to, one. 

For what concerns the necessary condition, wc first state an integral identity. 

Lemma 4.19. Let S C H" be a -smooth compact hypersurface without boundary. Then 

whenever w'^v^ is admissible (for the horizontal divergence formula); see Definition \1.2(A 
Proof. We have 

J S J s ^ s 



Since 



divHs {vj^vt) ^ 3tn2-^ + vo'^diVHs {v^) = 3^^^-^ + H {"^"^v^^n] 



where C^J'+i = C^^+Vs, we get that 



Stn^^ - vo^^ al- ^ {Tr{B„ ( • , •))) ^1". (33) 



By Lemma [rT2l we have Tt{Bh ( • , C^"^^ •)) = (" - and ([32]) easily follows from □ 

Now we apply Lemma 14.191 together with a special choice of the variation vector W. Here we have 
to assume the validity of CoroUar v 13 . 1 1 1 for a variation i)t, having variation vector W = zuIVh ly'liy. Note 
that ra7 is a 0-mean function on S with respect to the measure ct^" and that tu is smooth out of Cs- 
Moreover, let us suppose that the vector field '^'^v^ is admissible (for the horizontal divergence formula); 
see Definition 11.201 It follows that 



= J (^\ grades ■^l'^ - ^'^ (^\\Sh 



dm n + 1 



diy^ 2 



.^2 \ \ 2n 



2 I / 3 n y 2 \ \ J2n 



6 
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• Under our current assumptions, a necessary condition for the stability of D is given by the following 
geometric inequality: 

Igradnswfal- > J^zu' + (^^) zo'^ ol\ (34) 

We stress that, in the case of the Isoperimetric Profile Sh", this inequahty is in fact an identity. 
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